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Abstract—This paper aims to provide understanding of 
scattering and re-radiation by a receiving antenna 
through a detailed analysis of representatives from the 
simplest class of possible antennas, 1-dimensional 
antennas. Complete, exact solutions for the 
electromagnetic fields associated with such 1-dimensional 
environment and antenna structures can be obtained 
using only elementary analysis and functions. These exact 
solutions may be modeled by transmission line equivalent 
circuits. The paper carries this development further, 
reconciling the transmission line models with the 
traditional antenna equivalent circuit formulation and 
the scattering matrix representation of antenna theory, in 
the process explaining the various aspects of antennas: 
radiation, reception, scattering and re-radiation. 


Index Terms—Antenna, Antenna equivalent circuits, 
Antenna scattering, Scattered power, Scattering 
parameters, Transmission line models. 


I. INTRODUCTION 


This paper aims to provide deeper understanding of 
antennas, especially receiving antennas, through detailed 
analysis of representatives of an especially elementary 
antenna type, 1-dimensional antennas [1]. Commonly, 
antennas are considered to radiate from some confined 
volume into (3-dimensional) space. Nevertheless, there are 
special circumstances, either idealized infinite structures or 
antennas radiating between parallel conducting plates, when 
the antenna may be considered as radiating into a 2- 
dimensional space. This paper analyzes idealized infinite 
planar geometries in which antennas radiate into a 1- 
dimensional space. 


Construction of a radically simplified structure which 
nevertheless satisfies all applicable physical principles and 
constraints for the purpose of developing and illustrating the 


theory is a time-honored technique. As examples of such 
constructions one may cite the Carnot engine in 
Thermodynamics [2] and the Turing machine in Computer 
Science [3]. In the more modest context of antennas, the 1- 
dimensional antenna may aspire to a similar role. While 1- 
dimensional antennas satisfy all applicable physical antenna 
principles and constraints, exact computation of radiation, 
reception and scattering requires only elementary algebra 
and elementary functions. In contrast, analyses of 2- and 3- 
dimensional antennas involve integral/differential equations 
and cylindrical or spherical Bessel functions to yield even 
approximate solutions. 


Accordingly, Section II introduces what is perhaps the 
simplest representative of such 1-dimensional antennas 
comprised of free space itself and loaded with an infinite 
plane, thin conducting sheet, R (ohms/square). Section III 
develops the transmission line equivalent circuits for 1- 
dimensional antennas in general and the preceding simplest 
representative in particular [4, 5, 6]. Considering reception of 
a plane wave by this antenna, the exact received and 
scattered powers are computed. Section IV reinterprets these 
same results in terms of the traditional antenna equivalent 
circuit formulation [6 - 10]. Particular attention is given to 
the role of the radiation resistance which appears in the 
Thevenin equivalent circuit. A novel analysis of the receive 
circuit demonstrates the special conditions under which 
power in the antenna impedance may be given the 
interpretation of scattered power. Section V presents a 
scattering matrix formulation specialized for 1-dimensional 
antennas [11 — 14]. Using this formulation the universal 
constant relating the gain to the receiving cross-section of a 
matched 1-dimensional antenna system is established in an 
especially transparent calculation. Frequently, throughout 
this paper, we will write the formulas for quantities in 
several different notations and forms, normalizations, etc.; 
one notation adapted the approach at hand and equivalents to 
facilitate comparison with a form obtained directly via a 
different treatment. 
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In Section VI, a more complex and interesting class or 
family of antenna structures is comprised of a dielectric slab 
transformer loaded with thin resistive sheet [14 — 16]. The 
dielectric slab transformer is proportioned for zero reflection 
of a plane wave normally incident on the slab antenna, 1.e., 
zero backscatter. Through this condition the parameters of 
the slab antenna become functions of the conducting sheet 
load resistance, in effect defining a different antenna of this 
class for each value of load resistance. The received power, 
the power dissipated in the antenna (Thevenin) equivalent 
circuit resistance, and the scattered power are computed. An 
error in previous computations of the scattered power by 
Green [16] and ourselves [1] is corrected. For this class of 
antennas with zero backscatter, the received power is greater 
than the scattered power. The scattered power is greater than 
the power dissipated in the antenna (Thevenin) equivalent 
circuit radiation resistance. 


Ul. THE 1-DIMENSIONAL ANTENNA 


The essential feature that distinguishes an antenna among 
scatterers is the presence of one or more local ports by virtue 
of which the scattering may be modified or power absorbed 
by an attached load. The (simplest) antenna shown in Fig. | 
is delimited, so to speak, by the infinite resistive film 
R (Q/ square) which acts as a load on the local port of this 


antenna. This rather abstract conception of the simplest 
antenna will be made clear and concrete by the transmission 
line model Fig. 2 elaborated in the next section. There the 
antenna is represented by an ideal, symmetrical 3-port shunt- 
T junction, transmission lines are attached to the two 
symmetrical ports, and the resistive load attached at the third 
port. Incident on the film (from region 1) is a plane wave. 
In general, a reflection coefficient I] back into region 1 and 


a transmission coefficient r, from region 1 into region 2, the 


shadow region, may be defined. 


Resistive film 
Pi R (Q/ square) 


> K 2, 


region 2 


Plane wave 
incident — tS 
region 1 


Fig. 1. A 1-dimensional antenna terminated in a plane, infinite resistive 
film load. 


At this point we digress from considerations pertaining to 
the antenna to insert a brief aside dealing with the vector 
character of the incident plane wave. It is assumed 
throughout that the vector polarization of the incident plane 
wave which propagates on the associated transmission line is 
matched to the receiving antenna. While, on the one hand, a 
circuit representation of an arbitrarily polarized incident 
plane wave does not present any fundamental difficulty, it 
would detract from the simplicity of presentation, doubling 
the size of the equivalent circuit (two transmission lines). 
On the other hand, the amplitude of the matched polarization 


is easily separated out from an arbitrary incident wave as 
indicated next. 


The electric field vector associated with an arbitrarily 


polarized incident plane wave / may be analyzed as [17]: 
E= aE, + BE,X2 (2.1) 


where E, is the polarization normally transmitted by the 


antenna. In the receive mode, the antenna is matched to the 
vector plane wave with the associated electric field vector 


E , the exact time reverse of the field normally transmitted. 


In view of the orthogonality relation: E, (E one) =; 


ie (2.2) 


Ë, 
The component q@ E is obviously independent of the 


magnitude of E, . Accordingly, we will deal with only this 


polarization matched component of any arbitrarily polarized 
incident field in the subsequent analysis. 


UI. TRANSMISSION LINE CIRCUIT REPRESENTATION AND 
ANALYSIS OF THE 1-DIMENSIONAL ANTENNA 


The 1-dimensional antenna is amenable to simple 
formulations using transmission line theory, making use of 
the well-known correspondence of electric and magnetic 
field amplitudes of plane waves in space and the voltage and 
current amplitudes on uniform transmission lines [1, 4]. In 
view of this correspondence, we obtain the circuit 
representation shown in Fig. 2 for the physical structure of 
Fig. 1. The parameters of the equivalent transmission lines 


are, of course, the propagation constant k, = 27 / A, of free 


space and characteristic impedance R, of free space. The 
generator is assumed to have an internal impedance equal to 
that of free-space R,. This choice models excitation of a 
wave amplitude at an infinite remove. The equivalent circuit 
of this simple antenna 1s an idealized shunt-T junction, Fig. 2 
(and also with matching transformer in Fig. 18.) The 
resistive sheet 1s represented by the load at the local port of 
the antenna, the resistor R. 


The incident and reflected waves follow the conventional 
definitions in terms of rms phasor quantities: 


E,=2,)R,a=V+ RI (3.1a) 
2,,R,b=V—R,I (3.1b) 
Ref vI} = |a} -lof (3. 1c) 








R,—> œ 


region | region 2 


Fig. 2. Transmission line circuit representation, showing an ideal shunt-T 
load connection. 
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Equations 3.1 are special cases of the general definition of 
the normalized voltage scattering parameters further 
elaborated in Appendix A. Note that transmission line 
conventions (incidence from left to right) are used here to 


assign directions to the wave amplitudes a, and b,, a, 
and Dy: The wave parameter on the equivalent transmission 
line circuit @, is proportional to the electric field strength 


aE a , (2.1), normalized so that: 


awa 
f eL (Watts / m°). 


O 





la, (3.2) 


It may be seen from (3.1) the V and J consequently have 
dimensions of Volts/m and Amps/m respectively. For 
calculation of powers, Fig. 2 may be reduced to the simple 
circuit diagram shown in Fig. 3. As both ends of the 
transmission line are terminated in the characteristic 
impedance R, (zero reflection coefficients) the transmission 
line lengths play no role and are therefore left unspecified. 
The film resistance is, to a good approximation, independent 
of frequency. 


I — 
e ee 


ie 
E R Y 


Fig. 3. Reduced circuit representation of Fig. 2. 


One may now compute the received and the scattered 
power. The power received in the sheet (per square meter 
cross-section of the transversely infinite structure) may be 
determined from 


ra R+R, _ &, 1+R 
R,\R,+2R) R,\1+2R 


R R 
= E,———_= E, ——.. 
R, +2R 1+2R 


Accordingly, the received power P, is variously given as: 


(3.3a) 





where: R = RIR, 


(3.3b) 








P. = Ref VIR} (3.4a) 
_ V(X) E|] A l (3.4b) 
R R |1+2R 
2 4R, R 2 4R (3.4c) 
= a, yo aae la, E 
R, 4 2R 1 + 2È 





The 1-dimensional geometry also allows us to formulate 
the scattered field and compute “scattered power” in a 
straightforward manner. The “scattered power” is merely a 
definite measure of the difference between the total field 
with the antenna present and the incident field [4,7,10, 
11,14,15]. No conservation relation involving received and 


3 


scattered power exists and none is impled in this 
computation. The incident field is the field in the absence of 
the antenna and its (receiver) load (Fig. 2 with the load R 
removed). Distinguishing the incident and reflected wave 
quantities of the incident fields within the two regions by 
zero superscripts 


a = @ (3.5a) 


b? = 0. (3.5b) 


In the presence of the antenna and its receiver load, the 
reflected and transmitted waves are modified so that: 


= (1+T,)a (3.6a) 


a, 


b =T,a, b, = 0 (3.6b) 


where the reflection and transmission coefficients (for Fig. 2) 
are given by 





R RI(R, +R) -— R z 
p= ERIR+R -R 2 l aer <o 873 
R,R/(R,+R) + R, 1+ 2R 
2R 
t, = (1+T,) = ——~, 07, <1. (3.7b) 
1+2R 


The total field in the presence of the antenna is the sum of 
the incident and scattered fields. In region 1, the scattered 
field is therefore found from (3.5) and (3.6) 


total field in region 1 = 


(3.8a) 

a, +b, = a, + scattered field in region 1 
a,+I,a, =a) + scattered field in region1  (3.8b) 
I’, a, = scattered field in region 1 (3.8¢) 
7 (3.8d) 





= = scattered field in region 1. 
1+2R 


In region 2, similarly, the scattered field is deduced from 
(3.5) and (3.6) 


a, + b, =a, + scattered field in region 2 (3.9a) 
(1+I,)a, = a, + scattered field in region 2 (3.9b) 
I’, a, = scattered field in region 2 (3.9c) 
-a 
——— = scattered field in region 2. (3.9d) 
1+ 2R 


The results of (3.8) and (3.9) verify an intuitively 
important aspect. The currents induced in the resistive film 
radiate (scatter) equally in the two directions. Adding powers 
scattered into the two directions (regions), the total scattered 
power is: 


a, 


2 E 1 E| R, 
1+2R 


~-2|R,+2R)° 


(3.10) 


Peara =? 


| 2 








The received power and the “scattered power” are equal 
only when R = 1/2. This condition corresponds to conjugate 
match at the receiver load port. Symmetrical scattering and 
match conditions comport with identification of this simple 
antenna as a canonical minimum scattering (CMS) antenna 
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[11]. Indeed, the ideal shunt-T equivalent circuit, Figures 2 
and 7, embodies the circuit representation of the CMS 
antenna concept. The identification is reviewed in the 
original scattering matrix context in Section V. 


The received and scattered powers may be written in terms 
of the single variable t,, O< 7, <1, as: 


P =(a,| 27, (1-7) (3.11) 


P =|a| 20-7). (3.12) 








a 


Plots of the received and scattered powers are shown in 
Fig. 4. 





1 


Fig. 4. Received power, P, and scattered power, P, versus transmission 


coefficient, T 


As previously stated, the scattered power (per square 
meter) is merely one definite measure of the disturbance 
caused by the antenna, and this measure can easily exceed 
the power incident (per square meter.) Therefore, not much 
should be made of comparisons of received and scattered 
power. 


IV. ANTENNA CIRCUIT FORMULATION 


In contrast with a faithful model such as the transmission 
line for the 1-dimensional space, and the ideal shunt-T 
junction for the special simple antenna, engineers regularly 
describe any antenna by a standard form of equivalent 
circuit. For the antenna as a transmitter, this standard 
equivalent circuit is simply the input impedance. For the 
antenna as a receiver, this standard is a Thevenin (or Norton) 
equivalent circuit. Relevant properties of the external 
electromagnetic fields are summarized by the gain 
(directivity) and receiving cross-section parameters [6, 8, 9.] 
We begin with some remarks on these circuit descriptions for 
general antennas before placing the special simple 1- 
dimensional antenna of the preceding sections into that 
conventional context. 


The standard equivalent circuit of the antenna as a 
transmitter is shown in Fig. 5. The 1-port antenna itself is 
represented by its input impedance Z, = Ra + jX,, where the 


real part comprises components accounting for (heat) losses 
and radiation, as indicated in the figure. 


Z, =R, +jX, 
Ra = Ros tR, 





' Transmit Antenna 


Generator 


Fig. 5. Antenna as transmitter (excited by generator). 


ie 





Thevenin equivalent -load absorbing 


receive antenna received power 








Norton equivalent : load absorbing 


receive antenna received power 


Fig. 6. Thevenin and Norton equivalent receive antenna circuits. 


The standard antenna engineer’s equivalent circuit of the 
antenna as a receiver is shown in Fig. 6. The antenna 
together with the effect of the incident (plane wave) 
electromagnetic field is represented by either the Thevenin or 
Norton equivalent circuits at the left of the figure. As is well 
known, the power apparently dissipated in a Thevenin or 
Norton equivalent impedance, in general, bears no necessary 
relation whatever to any actual dissipation mechanism within 
the physical circuit represented by the Thevenin or Norton 
circuit. However, the far-field assumptions which underlie 
the standard antenna formulation result in the circumstance, 
for reciprocal antennas, that the Thevenin and Norton 
equivalent impedance equals the input impedance to the 
antenna, Z,, = Za. This coincidence has led to various 
attempts to link the power apparently dissipated in that 
impedance with power re-radiated and/or scattered by the 
antenna. Intuitively, it seems clear that the major scattering 
of a plane wave incident on, say, the back of a parabolic 
antenna, can have little connection with the input impedance 
to such an antenna. Indeed, this point was specifically 
recognized by Silver in his celebrated volume 12 of the MIT 
Radiation Laboratory Series [6, p. 48], “In general, the 
power dissipation computed for the equivalent generator 
impedance is not equal to the power dissipated in the 


network between V, [= Eal and the load; hence, in general 


it cannot be interpreted as scattered power.” This general 
circumstance will be exemplified by the family of 1- 
dimensional antennas studied in section VI for which the 
detailed calculations can be carried out, Fig. 23. 


The usually innocuous qualification, “in general” 
employed in the preceding comments is profoundly 
significant here. As will be described in the very special case 
of a canonical minimum-scattering antenna (the simple 1- 
dimensional antenna analyzed in Section II and Section IM 


Forum for Electromagnetic Research Methods and Application Technologies (FERMAT) 


being an example of such an antenna), the power dissipated 
in the radiation resistance power can be linked to the 
scattered power. A short electric dipole (when considered in 
isolation from extraneous supporting structures) 
approximates a theoretical canonical minimum-scattering 
(CMS) antenna. This provides justification for calculation of 
scattered power from the power dissipated in the antenna 
Thevenin equivalent impedance (radiation resistance) 
appearing in the receive circuit in the case of this very 
common class of antennas [10]. 


We will now place the 1-dimensional structure introduced 
in Section II, Fig. 1, and modeled as transmission line circuit 
in Section II, Fig. 2, into the present context. As noted 
previously, the especially simple antenna is modeled by an 
ideal symmetrical shunt-T junction. The antenna’s local port 
is terminated by the load resistor R representing the physical 
resistive sheet. The input impedance at this local port (with 
generator short-circuited) is readily found to be R,/2. 
Addition of an ideal transformer, turns ratio 1:/2 as in Fig. 
7, transforms this input impedance to R, producing a 
matched antenna. The conventional transmit equivalent 
circuit of this antenna is shown in Fig. 8. 





Local antenna port 


Fig. 7. The simple antenna as transmitter (excited by generator). 





Transmit Antenna 


Fig. 8. Conventional equivalent circuit for simple antenna as transmitter 
(excited by generator). 


Generator 


The parameters for the standard Thevenin receive 
equivalent circuit for this same antenna are now also easily 
calculated from Fig. 2. The short circuit input impedance is, 
of course, R,, that being the function of the matching 
transformer. The open circuit voltage is 





E E 
en circuit local port voltage = LIRI, (4.1) 
Op p g E ; iG 


The receiving antenna (Thevenin) equivalent circuit is 
shown in Fig. 9 where E, =2,/R,q, from Fig. 2 and 
(3.1). 


=2/R, a 





receiver 


load 


antenna 
receive mode | 


Fig. 9. Conventional Thevenin equivalent circuit for the simple antenna 
as receiver (Fig. 6) excited by an incident plane wave as in Fig. 2. 


Note that, due to the matching transformer, the load 
resistance equivalent to the resistive sheet becomes 2R. 


The received power, readily calculated from this circuit, 1s 
identical to that given in (3.4b) 


E 1 



































Lan ne ee (4.2a) 
f V2 R +2R 
2 2 2 A 2 
E E 
P=|L, tap a El d| 1 n d| À | (4.2b) 
2 |R,+2R R |1+2R 
Substituting for E; 
2 4R 4.3 
Daa e a = 
1 +2R 
The power dissipated in the antenna resistance is: 
2 2 
E a 
En = L, “Ry = i R 2 7 ; a =P. (4.4) 
2 |R,+2R 1+ 2R 


As pointed out, in general, the power apparently dissipated 
in the impedance of a Thevenin equivalent circuit has no 
physical interpretation. For the present simple matched 
antenna which disappears or becomes invisible on open 
circuit, 1.e., as R—>oo, the case of a canonical minimum- 


scattering antenna, that power equals the scattered power, in 
agreement with (3.4), (3.10), and (3.12). For more general 
antennas, as for example the family of antennas discussed in 
Section VI of this paper, no such equality holds. 


Returning to the power received in the load impedance as 
given by (4.2b), we note that this form is readily transformed 
in terms of the reflection coefficient p (See Appendix A): 


2R-R, 2R-1 
p = a : (4.5a) 
2R+R, 2R+1 
2 8R 4.5b 
1-|p| = a" l ) 
1+2Ř 





We note that the incident wave amplitude in the Thevenin 
equivalent receive circuit Fig. 9, a is not equal to the space 


(transmission line) incident wave amplitude 4d,; 


a=a,/ J2 . Accordingly, the received power may now be 
expressed as 
2 
p = al 
i 2 
which, on substituting (4.5b), is seen to agree with (4.3). 


(1-|e[)=2 5C1-|e)) (4.6) 
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It is clear that (4.3) and (4.4) imply that the “scattered 
power” P, is equal to the received power P, when the load is 
matched to the antenna input impedance, 
2R=R,, (R=1/2,p=0)- This is precisely as would be 


expected for any canonical minimum-scattering antenna [11] 
and agrees with the transmission line based calculation of 
Section II. 


The proportionality of antenna gain (directivity) to 
receiving cross-section for any matched, reciprocal antenna 
system, the two being related by a universal constant 
depending only on the dimensionality of the antenna system, 
is an important elementary result [6, 8, 9]. The specific 
value of the universal constant is generally found by 
evaluation of the constant for a particular antenna. For 3- 
dimensions a short dipole is commonly chosen. 


In the transmit mode, the circuit configuration assumes the 
form shown in Fig. 10. For this simple case, the antenna 
impedance is the same in the equivalent (actual) circuit for 
the antenna as transmitter and the equivalent circuit for the 
receive antenna as shown in Fig. 11. 





Local antenna port 


Fig. 10. Transmit antenna transmission line model. 





Fig. 11. Circuit representation of the transmit antenna. 


The 1-dimensional antenna radiates in only two directions: 
into region | or into region 2. The gain of the antenna 
radiating into region | 1s written as G(1). Gain is 


PC) 


e (4.7) 


lp 
2 


In view of the symmetry of Fig. 10 and the lossless 
character of the antenna (transformer and shunt-T junction), 
we have P(1) = P(2) = P;,/2. Consequently, G,(1) = G, (2) = 
1; the antenna radiates isotropically. The zero subscript was 
added to denote the special simple antenna. Detailed circuit 
calculations of P(1), P(2) and P;,, of course, yield the same 
results. 


Given an incoming plane wave, the power received by an 
antenna is commonly expressed in terms of its receiving 


cross-section, A where P =A(.)P,, and A(-) =@-) (1- | pl) 


and @ is the receiving cross-section of a matched antenna 
system. It is elementary to show that this receiving cross- 
section for a matched system is proportional to the gain of 


the antenna with universal constant of proportionality @ [6, 
8, 9]. More precisely, there is a specific “universal” 
constant for antennas radiating and receiving into each: 3- 
dimensional, 2-dimensional and 1-dimensional space. In 
summary, 


A() = @() d-|p|7)=@ GO A-|p)). (4.8) 


The formulas for the receiving cross-section in terms of 
the gain for 3-, 2-, and 1-dimensional antennas are listed in 
(4.8a, b, c). The constants for 3- and 2-dimensional antennas 


are well known: the constant @ is A*/4x for 3-dimensional 


antennas and A/2z for 2-dimensional antennas. The value of 
the universal constant for 1l-dimensional antennas 12 is 
inferred from (4.6). 


P= P,, ~-GU-|p|)=P. @U-|e[) (48a) 
F Inc 4T Inc Az . 
(isotropic 3-d) 
A 2 A 2 
P = P —G(1— = P —(1)\(1— 
S Puez Ol |p| )= B,, 5 P|) (4.8b) 


(isotropic 2-d) 


1 1 
P = P500- = Pez DA- 480) 
(isotropic 1-d) 


Equation 4.8c confirms that the universal constant in the 
formula for receiving cross-section in terms of the gain G for 
a 1-dimensional antenna is 1/2. This is in agreement with 
direct calculation for the isotropic matched antenna 
terminated in the resistive film (1.e., R = R,/2> p=0 ). 


Consistent with this paper P, =|a, f is defined as a power 


density W/ m. Accordingly, P, will have units of W, W/m, 


and W/m’ for the 3-, 2- and 1l-dimensional cases, 
respectively. For the simple matched antenna: 


te pe. 
2 2 


E| 1 
4R 2 


o 


2 
P (matched) = (4.9) 





= |a | 


Identification of the universal constant for 1-dimensional 
matched antenna systems is taken up again in Section V. The 
evaluation will be seen to be particularly direct and 
transparent in terms of the scattering formulation of 
antennas. 


We remark that a 1-dimensional antenna evidently has a 
maximum achievable gain of 2.0, realized when all input 
power is transmitted entirely in one of the two available 
directions. It follows that a 1-dmensional antenna also has a 
maximum achievable receiving cross-section, 


@ G(max) = = 2=1, absorbing the entire incident power 
2 


into the antenna load. 
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The remainder of this section deals with the field scattered 
by a receiving antenna. In particular, we consider what may 
be learned regarding the scattered field from the parameters 
of the conventional equivalent circuit parameters for the 
receiving antenna. To elicit that information from the 
equivalent circuit, we make use of the compensation 
theorems and the principle of superposition. 


In brief, the compensation theorems state that, in a circuit 
any element with a known voltage drop (or carrying a known 
current value) can be replaced by an ideal, zero internal 
impedance, compensating voltage source (or an ideal, 
infinite internal impedance, compensating current source) 
without affecting the validity of the Kirchhoff circuit 
equations [4]. 

Fig. 12 reproduces a simplified version of the conventional 
equivalent circuit for receive antenna, Fig. 6. Specifically, 
for CMS antennas, the antenna becomes invisible, does not 
scatter P = 0 , on open circuit when R, > œ. 





receiver 


load 


Fig. 12. Thevenin equivalent circuit for a receive antenna. 


antenna 


receive mode | 


To show that in the special case of a canonical minimum 
scattering antenna the power apparently dissipated in the 
(Thevenin equivalent) resistance of the antenna receive 
circuit 1s equal to the scattered power and to indicate the 
fundamental reason why this is not equal to the scattered 
power in general, we employ the compensation theorem in 
the receive circuit Fig. 13 [7,8,17,18]. The load element R is 
replaced by the ideal current generator having magnitude and 
direction equal to the known current as calculated from the 
receive circuit. Then, in accordance with the principle of 
superposition (1.e., independent computations of response of 
the circuit to the two different generators now present) yields 
two separate solutions, currents and voltages. The two 
circuits, each excited by one of the two different generators 
is show in Fig. 14. The sums (superposition) of these two 
solutions should, in every instance, yield the total value 
known from original receive circuit. Since, due to the 
infinite series resistance associated with the ideal current 
generator, the first circuit contributes zero current, the sum 
current obviously has the correct value of the original circuit 
by construction. The sum of the two voltages V; and V; is 
shown to yield the correct value V, Eq. (4.10). 





Fig. 13. Compensation theorem applied within the Thevenin equivalent 
circuit for a receiving antenna. 





Fig. 14. Principle of superposition of excitations applied to analyze 
circuit of Fig. 13 into two separate circuits. 


From Fig. 14, by construction: 4 = 5 + h, [,=0, b= -Lge. 
We then compute: 


E R 

G a u a (4.10a) 
o L 

Epa Rı (4.10b) 


R 
=p | len manny 
5 R +R, R, +R, 


which verifies the correctness of the superposition. 


Now consider the scattered fields associated with each of 
the two circuits of Fig. 14. The minimum scattering antenna 
disappears, becomes invisible, and does not scatter at all on 
open circuit, Fig. 14a. The antenna represented in Fig. 14b, 
the second superposition circuit, is therefore not surrounded 
by any scattered field (due to 14a) that can interfere with the 
field radiated by the circuit of the second superposition 
circuit. Also, that second circuit is identical to the standard 
equivalent circuit of the CMS antenna as a transmitter since 
the Thevenin equivalent impedance of the antenna coincides 
with the input impedance of the antenna. We may therefore 
identify the radiated (or re-radiated) fields with those that the 
antenna normally radiates. In the absence of any other 
external field, the power radiated in the condition of the 
second superposition equals the power dissipated in the 
radiation resistance R, just as is the case when the same 
antenna is employed as transmitter. Conversely, given a 
general antenna, such an antenna produces a scattered field 
even when the general antenna is terminated in an open 
circuit. That is, the general antenna (including the practically 
necessary support structures) will produce a scattered field, a 
so-called structural component, even when there is no (port) 
current in the receive circuit as in Fig. 14a. The field radiated 
by the second component, Fig. 14b, 1s superimposed on this 
structural component of the field. The two components 
interfere. Since power depends on the square of the total 
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field, there can be no direct relation of total scattered power 
to the power that might be radiated (re-radiated) in the 
absence of the structural component. See Section VI in this 
connection. 


For the special CMS class of antennas, the relationships of 
received power and scattered power given a real antenna 
impedance (radiation resistance) and any complex receiver 
load impedance may be conveniently visualized on the load 
reflection coefficient plane (Smith chart, impedance 
normalized to the radiation resistance) Fig. 15 [14]. Loci of 
constant received power are circles of constant magnitude of 


, eqs. (4.6) and (4.8). Note 


again that these reflection coefficients correspond to incident 
and reflected wave amplitudes in the circuit of Fig.12; these 
are distinct from the incident and reflected wave amplitudes 
on the transmission line equivalent circuit. Loci of constant 
scattered power are, as will be shown, circles (arcs) centered 
on the point p=[=1 which also corresponds to infinite load 


reflection coefficient | p| =| T 





impedance. Indicated values of power, decibels, are relative 
to the maximum received power when p =I =0. 


For the simplest CMS antenna described in Section II and 
modeled in Section III, points on the real axis correspond to 
the values graphed in Fig.4. In particular, at the maximum 
received power point p=] =0, the scattered power equals 


the received power. When the load impedance is zero, 
p =T =-1, the scattered power is twice the incident power. 
Relative to the maximum received power (which is half the 
incident power) this equates to a relative value of 6 dB. In 
general here, the correspondence of t, with values of I is: 


1 14r (4.11) 


2 
Ry 


where (2R, / R,) equals the normalized resistance parameter 
in the Smith chart. 


The construction leading to the loci of constant scattered 
power is shown in Fig. 16. It follows from the circuit of Fig. 
12 





tT, =1- 





—/R,1, =a—b =a(1— p) =a(1-T) (4.12a) 
P =R |L? =a- oP =laffi-rh 412) 











+4dB | +2dB , 
T=T, +j, 
Fig. 15. Load reflection coefficient plane: Red circles — Received power 
relative to maximum, Black circles — Scattered power relative to maximum 
received power. 





Fig. 16. Construction for scattered power loci (circular arcs) on the 
complex load reflection coefficient plane. 


V. SCATTERING MATRIX FORMULATION 


In general, the scattering matrix of a component (antenna) 
relates complex wave amplitudes incident on (traveling 
towards the component) to complex wave amplitudes 
reflected (traveling away from) the component. Consider 
now the scattering matrix representation for a l-port, 1- 
dimensional antenna [11,12,13]. The conventional notation 
assigns the letter a with subscripts, etc. for the wave 
amplitudes incident onto the antenna (from either side) and 
the letter b with subscript, etc., for wave amplitudes reflected 
from the antenna. However here, both to avoid introducing a 
new notation and at the same time achieve a desirable 
correspondence with the definition of the wave parameters 
on the transmission line equivalent circuit, Fig. 2, we make 
use of the correspondence wave parameter sets whose 
directions of incidence are defined with respect to either side 
of a reference plane (transmission line port). The incident 
wave amplitude a, incident in the transmission line sense of 
a wave traveling towards the right, (in this case from the 
antenna on the left towards the load to the right) Fig. 2, is 
intuitively equal to a wave amplitude reflected from the 
antenna. In the same way, the reflected wave amplitude b, 
(reflected in the transmission line sense of a wave traveling 
to the left (in this case from the load at the right towards the 
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antenna on the left) Fig. 2, is intuitively equal to a wave 
amplitude incident on the antenna. When we avail ourselves 
of these straightforward equivalences, the 1-dimensional 
antenna with one local port, designated (1), and two- 
(transmission line)-radiation-ports, designated (2) and (3), is 
represented as shown in Fig. 17. Radiation port (2) 
corresponds to transmission line region 1, and radiation port 
(3) corresponds to transmission line region 2. Note: the 
intuitive equivalences for the normalized wave parameters 
used here are rigorously demonstrated in Appendix A. The 
corresponding scattering matrix representation (5.1) relates 
column matrices in which the preceding equivalences have 
been substituted. 


Local port 


Radiation ports 





If the antenna satisfies the Lorentz reciprocity constraint, 
we have Smn = Sanm . 


Accordingly, the gain of the antenna (4.7) can be 
expressed in terms of the transmission and reflection 


parameters or, equivalently, in terms of scattering 
parameters: 
2 
b, | (5.2a) 
G0) = l 
slab- oP | 
Sal (5.2b) 


For a matched system, $,, =0 and the above expression 


reduces to 
GQ) = 2|8,,| - (5.3) 
Similarly, 
G(2) = 2|s,,| - (5.4) 
The corresponding directivities are: 


Dil) = (5.5a) 





| 2 





DO =- Sa = (5.5b) 
[lsa f+ [saf] 
When the antenna is lossless, 
Sal + [Sa] = 1-a (5.6) 
Then, 
G) = D(1); G(2) = D(2). (5.7) 


Now consider this same matched reciprocal antenna in the 
receiving mode. When a wave a, is incident (in region 1, 


port (2)) the power received is: 


P= |S,,a| = [Sp | Bo = ADP; (5.8) 


in inc 


See (4.8). In view of (5.3) and (5.8), the receiving cross- 
section for a matched system: 


P l (5.9) 


A() =@G() = [S| = 5 GM) 
= |§ 


2 2 
[= [Sa 





since, due to the reciprocity constraint, Siz 

We conclude that the receiving cross-section of a matched, 
reciprocal, 1-dimensional antenna system has, quite 
generally, been shown equal to the gain times a universal 


constant, @, In the present 1-dimensional case, @ ~ WY, 


Indeed, the preceding analysis demystifies once and for all 
the fundamental reason behind the existence of such a 
universal constant valid for all matched reciprocal antenna 
systems of a given dimensionality, c.f., equations (4.8). We 
note that for 3-dimensional antennas the corresponding 
demonstration was given by Gately, et al. [12, eq. 17]. 
However, the necessary notational complexities involving 
the spherical mode functions obscure its directness and 
simplicity. 

We now develop the scattering matrix of a 1-dimensional 
canonical minimum-scattering (CMS) antenna. Such a 
lossless reciprocal antenna is completely defined by its 
(complex voltage) radiation pattern and the property of 
becoming invisible when the local receiver port is open 
circuited, that 1s, treats or scatters an incident wave exactly 
as empty, free space. 


In many high frequency antennas dissipation within the 
antenna structure plays a negligible role and the antenna may 
be idealized as entirely lossless. The normalized scattering 
matrix of a lossless structure 1s unitary 








SS* =1=S'S. (5.10) 
For a matched antenna system, Sa O; this constraint 
becomes 
SSi 55. He A SiS |611) 
SS SpaSpa t SppSpp | LO 1] | SppSpa  SapSap + Sapp 


In the notation of the column vectors in (5.1), the 
scattering matrix relation describing free space is evidently 
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b j| |O Ila (5.12a) 
alt ola} 
representing transmission of waves from region | into region 
2, absent any discontinuity at junction of the transmission 
line regions. Underlining the absence of an antenna, the full 
scattering matrix of free space may be written as: 


l I 
iN i i 


| Hap 


(5.12b) 

The above form of the scattering matrix representing 1- 
dimensional free space as a transparent junction seems 
intuitively more appealing than the spherical mode 
representation of free space for a 3-dimensional antenna as a 
perfect reflector [4,11,12]. However, the difference is more 
apparent than real. An alternative representation for 1- 
dimensional free space, which parallels the one necessary in 
the case of spherical modes, 1.e., in terms of symmetrical 
wave amplitudes converging and diverging from the plane 
marking the junction of the transmission lines representing 
region | and region 2, is described in Appendix B. 


A (matched, lossless) canonical minimum-scattering 
antenna was defined essentially by the property that such an 
antenna becomes “invisible” or emulates free space when the 
accessible local port is open-circuited [11]. Pursuant to this 
definition, open-circuit conditions (a load with reflection 
coefficient [=1) may be imposed at the local port. 
Consequently, a=I b=1b, b being the wave incident on the 


load. Given the load constraint, the local port may be 
eliminated from the 3x3 antenna scattering matrix 


a=b=S,,a, (5.13) 

So that 
by =S5,4+8 554, (5. 14a) 
bs =| Sga Sap + Sgp lag. (5.14b) 


Equating this 2x2 scattering matrix to that of free space 


Popa Sudy Sy (5.15) 

The relation (5.13), emulating free space, fixes § a for a 
given voltage radiation pattern § be 

Sa = Oe Oe (5. 16a) 

F E E (5.16b) 

0= Sga Fog —1Sag (lossless, unitary condition) (5.16c) 

Sop = Fog = Spas paFpp: te) 


On the other hand, for a reciprocal antenna, the normalized 
scattering matrix is symmetrical, the transmit § fe and 


receive S, y radiation patterns are connected as 


OP (5.17) 


The lossless constraint (5.16c) and reciprocity (5.17) must be 
reconciled by 


SaS aT (5.18) 
or, in the present 1-dimensional instance 
[Sa siS Si, |. (9.19) 


It follows that the power patterns of 1-dimensional CMS 
antennas must be symmetrical, that is: 


BeeT: (5.20) 


as 1s also the case in three dimensions. 


As an example illustrating the preceding formulation, 
consider the case of the simple canonical minimum- 
scattering antenna, already familiar from Sections I and III, 
Fig. 18, wherein the resistive film, Fig. 1, the resistive load, 
Fig. 2, has been replaced by an open-circuit. (Note that the 
matching transformer, shown explicitly in Fig. 18, merely 
modifies the value of the resistive load seen at the local port 
of what was an entirely arbitrary numerical value R in Fig. 
2.) 





“ 


Local antenna port 
Fig. 18. Transformer necessary to yield matched CMS antenna. 


Finally we compute the complete scattering matrix of this 
antenna and then go on to evaluate what happens to an 


incident wave da, = | when the antenna is open-circuited at 


the local port as shown. Of course the latter should show that 
the structure emulates free space (5.12), 1.e., a, = I. 


We construct the scattering matrix of this lossless 


reciprocal antenna by (trivially) evaluating the voltage 
radiation pattern S Ba’ Input a at port (1) divides equally 


between the left and right transmission line regions, circuit 
ports (2) and (3) by symmetry. The magnitudes follow from 
the match condition and the conservation of energy 


1 | 1 
S,,=——= ZS 
Ba alt ap 


This pattern meets the requirements for a CMS antenna 


(5.21) 


(5.18), Si =S; 7 aF Bg . Constructing the remaining elements 


of the scattering aes of such a CMS antenna, 


Li, el i 
ee _t (5.22a) 
k ghja" 7 | | 


1 1 
a 
2 2 {| 1{-1 +1 | 6.22b) 
Fig Spa Sag = Spe = . 
P “Ee 1 1l T H 
+— —— 
2 2 
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Accordingly, the complete scattering matrix of this simple 
antenna 1s 


ofa l 
_ Alek JB A2 
y= a 1 ~ = 
u2 2 

2 2 (5.23) 


An incident space wave is now assumed in the left-hand 
transmission line (region 1, circuit port 2). This incident 


wave matrix A and the resulting reflected wave matrix b as 


computed from this incident wave matrix via the scattering 
matrix (5.20) are: 


doi d Peis == - | 

o 2 2 

But the local port receiving the reflected wave amplitude 
b=1/V2 is open-circuited, [, =1. Consequently, an 


(5.24) 


additional incident wave component a= T,,b=1/ 2 1S 


produced at the local port. This additional incident 
component produces an additional outgoing reflected wave 
component, again computed from the scattering matrix 
(5.20). This is the second column matrix on the left side of 
(5.21). Adding the two component reflected wave matrices 
yields the final reflected wave. 


It is seen that the radiation components of the total 
reflected wave column matrix (transmission line wave 


parameters b g) are precisely those that would have been 
obtained in the absence of any antenna. The open circuit 


condition has rendered the canonical minimum scattering 
antenna “invisible”. That is, 


l 1 
2}. LO i 
2 2 
T 1 + 1 l a, 
2 2 


is the total reflected wave, demonstrating a, = I. 


VI. APPLICATION TO A FAMILY OF ANTENNAS WITH ZERO 
BACKSCATTER 


Having developed various approaches and concepts 
illustrated by only the simplest example of an antenna, we 
now seek to apply these to a more general case. A family of 
1-dimensional antennas characterized by zero backscatter 
provides a case of inherent interest; one such family is 
comprised of a quarter-wave dielectric slab (matching 
transformer) again terminated by a resistive film load. The 
geometry of this configuration is shown in Fig. 19. 


Dielectric 4/4 transformer Resistive film 


Tis 


Plane wave | Zk (Q / square) 
incident C ae | oT j 
Fg | 
| 
Region | | Region 2 


Fig. 19. Resistive film with a quarter-wave dielectric slab. 


Equivalent transmission line circuit models for this family 
of 1-dimensional antennas with resistive sheet load are 
shown in Fig. 20. In particular, the dielectric constant of the 
Slab, i.e., the transformer turns ratio, will be chosen such that 
the input impedance R;,, equals R, [14, 15, 16]. That is, 








a a ns ore) 
m R, +R 
R,, = R, (transmission line match ). (6.1b) 











° (b) 


Fig. 20. Circuit models for the zero backscatter antennas - quarter-wave 
slab transformer with resistive sheet load: a) Faithful transmission line 
equivalent circuit representation, and b) Ideal transformer equivalent circuit. 


As indicated, this defines a family of antenna structures, 
one member antenna with dielectric constant and slab 
thickness appropriate for each value of load resistance R. 
This condition lends a particular interest to this example in 
that it reduces the antenna reflection coefficient (backscatter) 
to zero. 

Warning! Note that the parameters of the above circuit the 
load impedance R (corresponding to the selection of one 
fixed member from the family of zero backscatter antennas) 
when one investigates, for example, the power received or 
scattered by this one selected member antenna with some 
new independently chosen range of load impedances. In 
those circumstances we shall retain the notation R for the 
load defining the particular member antenna (n is a function 
of R) and employ the notation R, for the independently 
assigned value of load resistance (n 1s not a function of R;) 
terminating the particular selected antenna. 
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ee a 





Antenna i Receiver load 


Fig. 21. Standard receive antenna Thevenin equivalent circuit of the zero 
backscatter antenna. 

The standard receive antenna Thevenin equivalent circuit 
for the family of zero backscatter antennas just described is 
readily obtained from the circuit Fig. 20a and is shown in 
Fig. 21. Of course, the backscatter is zero only for the value 
of R, = R. The internal impedance of the generator is labeled 
Rr to emphasize its status here. As previously noted for 
reciprocal antennas, numerically, Rr, = R4, the antenna input 
impedance in the transmit equivalent circuit. 


We now compute power received in the load R;, 


2 











r 


- nE, 1 R, -Jaf 4R RR,(R, +R) (6.2) 
"itn? Ry pR ” IRR +R,R, +2RR, | 
2 F L 
l+n 
For the special value R, = R, equation 6.2 simplifies to 
R 
P =la | 0 (6.3) 


R,+R- 
Bear in mind that d, is the incident wave amplitude Fig. 


20 and not the incident amplitude a evaluated for the receive 
circuit Fig. 21. That amplitude a is, from (3. 1a): 








En 
= 2a,/ Rp, =2a (6.4) 
dan 
Substituting the values of the Thevenin equivalent 
parameters and solving for a, 
a= E nk (6.5) 
R R 
+2R)2 
Á l R, +2R 
After some algebra, we obtain the relations 
2 
laf = E, | R, +R ar htk (6.6) 
4R, R,+2R R,+2R 


We remark that zero backscatter R, = R does not imply 
impedance match (zero reflection coefficient?) in the 


standard receive equivalent circuit, Fig. 21. Indeed, 








O RR 
R,-Ry — ~ R+2R (6.7) 
Pi = R,+Rmu pR, RoR 
L t 
R, +2R 


which, when R, = R simplifies to 


R 1 
R+R w 





p, = (6.8) 


Using this formulation, we check the received power when 
R; = R: 
2 R,+R Ko (R, +2R) 
R,+2R (Ry +R) 





= laf a-p, f) =la: PN 


R, 
R +R 





_ 2 
= la, 


Finally, this received power for R, = R is also easily 


checked directly from the transmission line model. 





Fig. 22. Equivalent circuit at the input to the transformer when the 
transformer turns ratio n is chosen to produce a matched load. 


By construction, the simple equivalent circuit Fig. 22 is 
applicable when R; = R. The voltage at the input to the 
antenna (input to the transformer) is therefore E,/2. The 
voltage across the load impedance representing the resistive 
sheet is now found simply by dividing by the turns ratio. 
The power calculation for the load is then straightforwardly 








E E 
(voltage across R) V, = Fel *. | R (6,10a) 
2 n 2 A R, +R 
v Je 
(power into R) P. = | = | 
"OR 4R R +R (6.10b) 
2 R, 2 1 
= |a, | = a oo, 
R,+R 1+R 


It is clear that as R —> œ, no power is delivered to the 
load. In contrast, as R — 0, all of the incident power is 
delivered to the load; this idealized condition corresponds to 
n? > o. 

As a check of the actual power balance, we should be able 
to show that our formulation is consistent with the input 
power being equal to the power into the load plus the power 


in region 2 (1.e., the power into the characteristic impedance 
represented by the infinite transmission line) 











P, = P+ |a, (6.11) 
af- lal tai P 


identically. 


12 


Forum for Electromagnetic Research Methods and Application Technologies (FERMAT) 


For convenience and ease of comparison with the work of 
Green [16], we introduce notation for the (now complex) 


voltage transmission coefficient T; from region | to region 2 
in the presence of the antenna 


a, =a,T, (6.13) 


the reference plane for ais taken at the input to the 


antenna, 1.e., at the input to the quarter wave transformer, 





T 0 
= Ja = 1 Ja ta f 1 
rane Tae a (6.14) 
n n 
Expressed in terms of this transmission coefficient 
P 2 
= 1-|r,| , (6.15) 
a 





Inasmuch as the considerations with the special load R, = R 
suffice for our purposes, the obvious algebraic simplification 
and physical transparency consequent to that choice, we will 
assume R, = R in the remainder of this section. 

The computation of antenna scattering is based directly on 
the transmission line equivalent circuits, Figs. 20a and 20b. 
The scattered field is defined as the difference between the 
total field and the field in the absence of the antenna. 


Absent the antenna is equivalent to R —> 00, n —> 1 (with 


the consequence Ry — R, and Ar — A,) in Fig. 20. 
Quantities representing this incident field will be 
distinguished with zero superscript. An input reference plane 
is established at the input to the transmission line section 
equivalent to the (physical) length of the quarter wave 
transformer 17/4. Since the dielectric of the transformer has 
been removed, the wavelength in this length of line reverts to 
that of free space A, with the consequence that the phase 
length of this section is shortened from the value in the 
dielectric (which was, of course, 7/2) to 
Ses, ml 
2 Ay a 
It is important to understand that in the absence of the 
antenna, the spatial relations, i.e., the physical lengths the 
antenna occupied must be preserved. This fundamental 
point, which may not be obvious here in the 1-dimensional 
case, becomes self-evident in 2- or 3-dimensions. Consider a 


(6.16) 


3-dimensional spherical dielectric shell as a scatterer. If 
“absent the scatterer” were interpreted as removal of the 
shell without preserving the physical space occupied by the 
shell, the resulting geometry would involve an absurd 
discontinuity in cross-section with the radial coordinate. 
Precisely because this point is not as forcefully evident in 1- 
dimension, it was missed by Green [16]. This paper 
therefore provides corrected results for the scattered power. 


Absent the antenna we have 
b? = 0 b; Z (6.17) 


In the presence of the antenna and its receiver load, Fig. 
20a, we have 


a, = 4, i pee (6.18a) 
n 
b =0 b, = 0 (6.1 8b) 


In region 1, the scattered field is zero as a= aý, 


b, = b? . Inregion 2, the total field is: 


a, = a, + scattered field (6.19a) 
1 -# -jZŽ 
a,—e *= ae °” + scattered field (6.19b) 
l1 -7 -j2 
scattered field = a,—e ? —- ae 7". (6.19c) 
n 


The scattered power may therefore (6.14) be written as 















































2 
P, = [af la] = e (6.20a) 
P T se de i 
ah = fr,|-cos—(1-|z,)) - jsinC-|r,) (6.20) 
1 
P T i xe 
af = k|- cos5 0-a) + sinz (l-ir) (6.20c) 
1 
P 2 T 
= =1+lr -2r cos 50- (6.20d) 
a 
The incorrect expression for the scattered power 


previously given by Green and repeated by us in a previous 


2 
presentation [1], |] — cr, | lacks the cosine factor. 





We now calculate the power apparently dissipated in the 
Thevenin equivalent resistance in Fig. 21, Pry (which is, of 
course, also the input resistance of the antenna as a radiator 
Rr = Rs) and compare with the actual value of scattered 
power just computed from the faithful transmission line 
model 








pT R, (6.21a) 
B ER R, l+n 
—°_+R 
l+n 
2 
: E| R, 1 RR 
™ 4R R+R R R+2R (6.21b) 
> R, R, 
= |a; 


(R,+ R) (R,+2R) 
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In terms of the variable T,, we find 


2 
P= la P(n PY P): 


Fry # PB, 


(6.22) 


(6.23) 


We are not surprised by this circumstance that is entirely 
in line with Silver’s warning on this score and cited earlier in 
this paper. As pointed out in Section III, agreement of 
scattered power with the power apparently dissipated in the 
Thevenin equivalent impedance may be justified only for 
CMS antennas. Only for such antennas that do not scatter at 
all on open circuit, does the Thevenin equivalent resistance 
in the receive circuit provide a basis for calculating the 
scattered power. On open circuit, the present antennas reduce 
to dielectric slabs. The scattering from these dielectric slabs 
is evaluated in Appendix C. There is, in general, no physical 
interpretation for the scattered power calculated in (6.17). 


Normalized plots of P, P, , and Pry are presented in Fig. 
23. It is seen that the scattered power is not necessarily 
greater or equal to the received power. Indeed, it is less than 
the received power for the zero backscatter case. Nor is 
either power (for these more general, not CMS antennas) 
equal to the power apparently dissipated in the Thevenin 
equivalent antenna impedance. 





Fig. 23. Plot of normalized powers for the family of reflectionless 
antennas: received power P,, scattered power P,, and power apparently 
dissipated in the Thevenin equivalent impedance Rry = Ry, of the standard 
receive circuit Pry. 


We now consider the present family of antennas as 
transmitters. The transmission line geometry is given in Fig. 
24 while the standard antenna equivalent circuit is given in 
Fig. 25. 





region 1 





Fig. 24. Ideal transformer transmission line representation for the zero 
backscatter antenna in the transmit mode. 





Antenna 


Transmitter 

Fig. 25. Standard equivalent circuit for the zero backscatter antenna 
transmit mode; note R4 = Rey. 

We wish to compute the gain of the antenna. This 
parameter is independent of the internal impedance of the 
antenna system R, = R, as indicated in Fig. 25. The total 
radiated power 1s 








r PR -El pp 
P, = |1 Ra = aR, ai (6.24) 
A- ' (R, +2R) E E| aa 











4 R R 4 R 


o 


As a check, the same total power is found by adding up the 
power into each region of Fig. 24. 


2 2 











' 2 E' 
PQ) = |—* a POJ = |— (6.25a) 
2 R, i i 2 o 
LE’ |” (14 n2) 
P. = P(l) + P(2) = 13 (6.25b) 
4 R, 
Having these separate power calculations permits 


calculation of the gain (equal to the directivity for lossless 
antennas) into each region (1) and (2) : 












































E| 
Pa 2| R, (6.26a) 
D(1) = = = T 
2) 1 |E.| +n?) 
2 2 4 R, 
: 2 (R +R 
E a = ( : ) = Gil) ; (6.26b) 
l+n (R,+ 2R) 
E' Í 1 
P(2 o R, (6.27a) 
D(2) = = = a 
6 1 |E; (1+ n°) 
2 2 4 R, 
l+n (R + 2R) 


These values of gain or directivity can now be turned to 
compute received power in the conventional way from the 
receiving cross-section. The receiving cross-section for a 


matched antenna system @ is proportional to the gain (..e., 


equal to the gain times a universal constant @ ). As 
previously indicated, equations (4.8), the received power 
should equal the incident power multiplied by the receiving 
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cross-section. It must be recalled that a zero back-scatter 
antenna does not form a matched antenna, p is given by 


(6.3). We therefore have, with some algebra, 
P = P,.@(1-|p|)= |a|} @ DA)C1-| p|’) (6-28a) 


21 2n’ 


-M Ro — (6.28b) 
2 1+n’ 


F = |a R +R 


2 
a-lo = |a 
Comparison with (4.8c) verifies that @ must have the value 
1/2 substituted in (6.28b) as found in Sections III and IV. 


VII. CONCLUSIONS 


This paper has provided a new path to deeper 
understanding of receive antennas through detailed analysis 
of an especially elementary antenna type, a 1-dimensional 
antenna. Analyses of idealized infinite planar geometries in 
which antennas radiate into a 1-dimensional space were 
presented. While computed results, of course, do not directly 
carry over to 2- and 3-dimensional antennas, they can 
provide a template for corresponding calculations in these 
functionally more complicated domains. The paper focused 
on the details of radiation, reception, scattering and re- 
radiation in terms of various antenna (circuit) formulations 
satisfying all applicable physical constraints. The 
understanding gained in this way is consequently applicable 
to antennas in general. Of particular importance was the 
analysis of the relation of scattered power to the power into 
the antenna impedance. Because of the 1-dimensional 
radiation assumption and the inherent ability to calculate 
received and scattered power from a transmission line 
perspective, it is easy to verify the special case, the class of 
CMS-like antennas, in which interpreting the power into the 
antenna’s radiation resistance correctly (or very nearly) 
yields the scattered power, as well as to demonstrate the 
fallacy of assuming that this calculation always yields the 
correct value of scattered power for antennas in general. 


APPENDIX A - THE SCATTERING PARAMETERS 


The definition of transmission and reflection coefficients 
used in this paper follows the transmission line convention as 
66 99 


shown in Fig. Al. The subscripts r and Z indicate “a 
parameter incidence from the right and left, respectively. 


: = 


+ 
a, V —— b, Lo a R,, E Tea 


e~o 


Lp = Ry + [X op b, — V 


Fig. Al. Transmission line convention. 


2,/R,a,=V+Z,1 (Ala) 
2,./R b=V-ZI (Alb) 
2,/R,,a4,= V+ Z,,(-l) (A2a) 


2,/R,, b, = V-Z., (-1). (A2b) 

If ZL. = Z, , then: 
a, = b, (A3a) 
b, = a,. (A3b) 


Z,, and Z,, are normalization numbers and are not 


or 


necessarily characteristic impedances [20]. 
The power delivered to the right is found as follows: 


2/R,4,| = AAI (A4a) 
a/R, | = |v- Zia)’ - (A4b) 


4R 


or 


‘= |V[+VZ2 0+ Z,1V'+ |Z) (ASa) 








a, 


4R,|b, | = |V- vz, I- z} 1v*+ |z„I|*. (A5b) 





Subtracting (A5b) from (A5a) gives the power delivered to 
the right: 























4R,,| a,| - b, |= (Z7+ Z VT HZ, + ZIV (A6a) 
4R,,| a | =- lb, 7 = 2R,VI° + 2R,1V" (A6b) 
la |- |b, = Ref vr}. (A6c) 





Similarly, the power delivered in terms of left incidence 
parameters: 














|a,| - |b,| = Re{V(-D*} = -Refvi'}. (A7) 
The corresponding reflection coefficients become: 
_ & _ V-Z,1 _2-Z, | (A8a) 
Fi a. V+Z,I Z+Z, 
— b, V-Z VZ a, (A8b) 
re a Faa anr 
oe lo (A8c) 
Py 


The above reflection coefficient defined with reference to 
the normalized voltage scattering amplitudes p, differs 


theoretically from the reflection coefficient I’ commonly 
defined exclusively with reference to transmission line wave 


amplitudes. In general, the voltage and currents on a 

uniform transmission line may be written [4] 
V(z) = Ae’ & 0? ft Bet!) — Ae TET [1 +T(z)| (A9a) 
ZI (z) = Ae? — Be" = Ae? 11 -TF(z)]  (A9b) 

where 
B 
T(z) =e" ©. T'(Z) ae (A10) 
Dividing, we obtain 

Viz) — Z _ 14+T() (A11) 








ZIZ) Z 1-r(2) 
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Solving this relation for I’ and dropping the coordinate 
argument, 
LZ, 


T= (A12) 
ZF Zi 





Formally, the expressions for the two reflection coefficients 
differ only in the complex conjugate appearing in the 


numerator of the formula for p, , (A8a). 


For real values of Z, = R,, Im{ Z, } =0, the two reflection 


coefficients are numerically equal. Under the same 
constraint, we have at any point on a transmission line. 
V = JR [a+b] =A+B (A13) 


so that the normalized voltage scattering amplitudes and 
transmission line voltage wave amplitudes differ only by a 


constant factor of ,/ R, - 


APPENDIX B - THE SCATTERING PARAMETERS IN 
ALTERNATIVE COORDINATES 


In the presentation of the scattering matrix formulation for 
a l-dimensional antenna, Section V, we were at pains to 
adopt a formulation which connected smoothly with the 
transmission line model and circuit formulations of the 
preceding sections. However, one consequence of this 
approach was to obscure the equivalence of the 1- 
dimensional results with those obtained for 3-dimensional 
antennas employing the spherical vector mode basis 
functions. This appendix clarifies the relationship between 
the preceding forms, in particular the form of the matrix 
representing free space, with that found for the 
corresponding scattering matrix formalism as developed for 
antennas in 3-dimensions [11, 12, 13]. 


As indicated, the basis for the scattering representation in 
3-dimension are incoming (symmetrically converging) and 
outgoing (symmetrically diverging) spherical wave modes. 


These waves propagate in the r direction, functionally as 
specified by the appropriate spherical Hankel function, in all 
directions from the origin of coordinates. In free space (no 
antenna structure) the origin must be an ordinary non- 
singular point. This regularity requirement forces the 
equality of incoming and outgoing amplitudes, 1.e., the 
scattering matrix is necessarily the unit matrix. Similar 
considerations govern in 2-dimensions. However, for plane 
waves, the absence of singularities leads to flexibility in the 
scattering representation of free space and in particular to the 
form shown in (5.12). An alternative basis for the waves on 
our transmission lines, one that mimics the symmetry of 
waves incoming and outgoing from a central point, does 
indeed closely parallel the 3- and 2-dimensional forms. 


Consider the alternative coordinates induced by the real 
orthogonal transformation in the matrix sub-space of the 
radiation ports (transmission line) wave parameters: 


reli a 


al riel + Lal rla] 


(Bla) 


(Blb) 


The scattering matrix of free-space becomes: 
bo = -1 — T 
ha el ST gl (B2a) 


atl Ae. Ai Tl 0 (B2b) 
H FET sE Oe Sd 0 -1 | 


The new coordinate system implies symmetric and anti- 
symmetric excitations (radiation and reflection) from a plane 
in free space. The resulting scattering matrix representing 
free space is now diagonal with unit reflection entries. 


APPENDIX C — 1-DIMENSIONAL SCATTERING BY A 
QUARTER-W AVE DIELECTRIC SLAB 


A quarter-wave dielectric slab remains when the resistive 
film load on a member of the family of zero-backscatter 
antennas of Section VI is removed, R; —> œ, effectively 
open-circuiting the antenna, Fig. C1. As we have explained, 
the fields scattered by the slab interfere with fields re- 
radiated by the receive antenna equipped with its normal 
load R so that the total scattered power is generally not equal 
to the power apparently lost in the radiation resistance of the 
Thevenin equivalent receive circuit. We shall present two 
calculations of this scattered power. The first follows the 
same outline as used in Section VI to compute the scattered 
power from the receiving antenna; the second will employ 
the alternative symmetrical mode set of Appendix B. 


As established in Section VI, it is key to maintain the 
same spatial relations of reference planes for incident and 
reflected wave parameters in the absence of the slab as exists 
when the slab is present. Thus, for each member of the 
family of zero backscatter antennas, a free-space length 
equal to a quarter wavelength in the appropriate transformer 
dielectric must be maintained when the slab 1s removed. 


In region 1 
Total Field = Incident Field + Scattered Field (C1) 
a, +b, = a} +b? + Scattered Field (C2) 
a +a, | Fy le!” =a,+ 0 + Scattered Field (C3) 


a, RA = Scattered Field (C4) 


2 








zi 
a, = e” = Scattered Field. (CS) 
n +1 
The scattered power in region | is therefore 
2 2 

-1 
Po = la) ; (ES) 

n +l 








Here, the phase shift of the reflection coefficient of the 
transformer through the quarter wave dielectric slab to the 
established input reference plane played no effective role, 
since b? =0. 

In region 2 

Total Field = Incident Field + Scattered Field (C7) 


a, +b, = a +b} + Scattered Field (C8) 
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7 ajal 
a,e 2 Ir,,+0 = ae ‘2 40+ Scattered Field (C9) 


T palt 
ae? =e A H Scattered Field (C10) 





=f 9 1 1 
ae . = ~os (1-1 )- jin $[1- 7) |=Soaerea Field (C11) 


n+l 2 n n 


The scattered power in region 2 1s therefore 


2n 7 1 a 1 
=O ede 
+1 2 n 2 n 


(C12) 














(51-1) faz- . (C13) 


The total scattered power from the slab is therefore 














P = Pi +P; (C14) 
P’ n? -1Y 2n \) 4n T l (C15) 
e +( : = jos (1-7) 1 
|a, n +1 n+l) l+n 2 n 
(C16) 








P’ 4 l 
—=2- "cos 4{1-) 


D n 
la, 


The last simplification follows from the unitary character 
of the scattering matrix of the lossless ideal transformer; the 
sum of the squares of reflection and transmission coefficients 
is unity. If, furthermore, we make use of the relation 
between the turns ratio N and the transmission coefficient 


for the family of zero-backscatter antennas Iz, | =1/n, we 


can readily plot the scattered power from the slab on the 
same abscissa used for the scattered power from the zero- 
backscatter antennas, Fig. 23. See Fig. C3. 

We now compute the scattered power from the quarter 
wave slab employing the alternative symmetrical modes, 
introduced in Appendix B, which more closely resemble the 
incoming and outgoing waves naturally associated with the 
central location of a 2- or 3-dimensional antenna. 

The symmetrical mode amplitudes corresponding to an 


incident plane wave amplitude dad, follow from equations 


(B1). Since Tis a real (unitary) orthogonal transformation 


for which, in particular7 =T™ =T", all power relations 
will be preserved; 


al-al alol 


As the dielectric slab (without conducting film load) is a 
symmetrical structure, we choose the middle of the slab as 
the plane of symmetry for the symmetrical modes, Fig. C2a. 
Furthermore, because the parameters are normalized voltage 


(C17) 


wave parameters (proportional to transverse electric field), 
it follows that the symmetrical mode satisfies open circuit 
(perfect magnetic conductor) conditions on the symmetry 
plane while the antisymmetric mode satisfies short circuit 
(perfect electric conductor) conditions on the symmetry 
plane. [4] Given these conditions at the middle plane of the 
structure and the symmetrical equivalent circuit, Figs. C2, 
we readily infer the corresponding reflection coefficients at 
the input of the slab. 


Dielectric transformer 


Àr 
Plane wave >? = A 
incident Cc 
T. — a 
R, iy R, 
(a) 


Faithful transmission line equivalent, R, < R, 





A, <—— Physical length 


<— — — 


| Phase length = 7/2 








Fig. Cl. Quarter wave dielectric slab (remaining when zero backscatter 
antenna is open-circuited, i. e., resistive film load removed) and equivalent 
circuit representations: a) Physical structure, b) Faithful transmission line 
circuit representation, c) Symmetrical ideal transformer equivalent circuit, d) 
Ideal transformer equivalent circuit. 


We now compute the scattered power in each symmetrical 
mode. For the first mode 


Total Field = Incident Field + Scattered Field (C18) 
a+b, = af +b? + Scattered Field (C19) 
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ml 


a +a, Pa = a, +a, re "2n 4 Scattered Field. (C20) 


Ja Jaa 
Àr 





Short circuit termination 


<— Reference plane for wave parameters: a,, a’, b,,, b’. 


Fig. C2. Circuits for alternative modes eq. C17 incidence calculation: a) 
Symmetrical ideal former equivalent circuit for quarter wave dielectric slab, 


b) q', mode incidence — open circuit bisection, c) q@', mode incidence — 
l p 2 


short circuit bisection. 


Of course, the reflection coefficient corresponding to an 
open circuit, T, =+1. In order to compute [` the open 
circuit must be referred back through half the quarter wave 
transformer, a phase length of m/4. The open circuit 


reflection coefficient is therefore multiplied by e17? This 
reflection coefficient corresponds to a normalized impedance 
— j in the dielectric. The ideal transformer of the symmetrical 


equivalent circuit with ratio 1: Vn corresponding to the 
transition from dielectric to free space characteristic 
impedance produces a normalized input impedance —j/n. 
It follows that the input reflection coefficient 


= ee 

ee ee (C21) 
TJ 41 jlt,|-1 
n 


Substituting in the above prescription for the scattered 
field in mode 1, we obtain 


. a 
a, alet -j5 


12 jlr,|-1 


= Scattered Field. (C22) 


The scattered power in mode | is therefore 


2 r T i 
s la,| HA +1 _ ial 


a > (C23) 


j\t,|-1 


A precisely parallel calculation for the antisymmetric 


mode 2, I’. =—l, produces 





J 
fools 
-na Jal- (C24) 
in2 : — a 
dag JAM 
n 
and the scattered power in mode 2 
al | ale | 
, a, NT,)—-L —-jAlr,| 
PS Ae (C25) 


2 | j\r,|+1 


In view of the orthogonality of the symmetric and 
antisymmetric modes, the total scattered power is the sum of 
the scattered powers in each mode, 

'S _ p's 's 

PS =P +P: (C26) 

Although the two calculations of scattered power result in 
quite different algebraic forms, they produce identical 
numerical results for the total scattered power, Fig. C3. In 


more detail, P> makes by far the larger contribution to the 


scattered power. This is to be expected as the electric field is 
strong near the symmetry plane for this mode and therefore 
strongly influenced by the dielectric. The electric field is 
correspondingly weak near the symmetry plane for the 
antisymmetric mode and therefore is only weakly influenced 
by the dielectric. 


2.0 


2.3 





P$ 1.0 





o.s 











Fig. C3. Dielectric slab, normalized scattered power Pe ; 
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